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Abstract
We study statistical relationships between bubble walls in cosmological first-
order phase transitions. We consider the conditional and joint probabilities for
different points on the walls to remain uncollided at given times. We use these
results to discuss surface correlations which are relevant for the consequences of the
transition. In our statistical treatment, the kinematics of bubble nucleation and
growth is characterized by the nucleation rate and the wall velocity as functions
of time, and we obtain general expressions in terms of these two quantities. As a
specific example, we consider a model with simultaneous nucleation and constant
velocity.
1 Introduction
It is well known that first-order phase transitions may have occurred in the early universe,
and may have left several potentially observable remnants. In a cosmological first-order
phase transition, a metastable high-temperature phase (false vacuum) undergoes super-
cooling, and then the phase transition proceeds through the nucleation and expansion of
bubbles of the low-temperature stable phase (true vacuum). The dynamics is different in
the case of a “vacuum” transition and in the case of a “thermal” transition [1, 2]. In the
former case, the nucleation of bubbles occurs in the absence of a plasma, and the nucle-
ation rate Γ is given by the probability of decay of the false vacuum per unit time per
unit volume [3, 4]. Besides, all the false-vacuum energy, which is released at the bubble
walls, goes into accelerating the latter, which reach velocities v ' 1. This may also occur
in a thermal phase transition with extreme supercooling, in which the wall velocity may
exhibit runaway behavior [5, 6]. The bubble walls disappear as bubbles collide, and the
energy stored in the walls is transferred to thermal energy. On the other hand, a thermal
transition occurs in the presence of a plasma, and we have a temperature-dependent nu-
cleation rate Γ(T ) [7, 8]. In this case, the walls generally reach a terminal velocity v(T ),
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and most of the released energy (latent heat) goes to the fluid. Therefore, as the walls
move, a reheating of the plasma occurs, as well as bulk fluid motions.
Even in the thin wall approximation, which is generally valid, the dynamics of ther-
mal phase transitions is complex. In the first place, the nucleation rate is very sensitive
to temperature variations. In the second place, the wall velocity depends on the micro-
physics which determines the friction with the plasma [9, 10], and is also affected by the
hydrodynamics [11, 12, 13]. Nevertheless, in many cases it is possible to assume that the
nucleation rate is homogeneous and that the bubbles are spherical and all expand with
the same speed. In such cases, the bubble kinematics is determined by the two basic
ingredients Γ(t) and v(t). The kinematics is also affected, to a greater or lesser extent, by
the scale factor a(t). In most cases, however, the variation of the latter can be neglected
for the duration of the phase transition. An exception is the case of strongly-supercooled
phase transitions [1, 14, 15]. In the statistical treatment of the phase transition, the
quantities are averaged over possible realizations, and we shall denote 〈Q〉 the ensam-
ble average of a quantity Q. In practice, these averages are calculated from the average
number of bubbles nucleated in a given volume during a certain time, which is given by
Γ(t).
In the development of the transition, the most evident meassure of progress is the
volume fraction occupied by bubbles, fb(t). However, other quantities can be used as well,
such as the fraction of bubble wall which remains uncollided, fS(t) [1]. Since the collided
walls quickly1 disappear inside merged bubbles2, the uncollided wall area is essentially
the total area Stot that is physically present at time t. We have Stot =
∑
i Si, where Si is
the wall area of bubble i which remains (uncollided) at time t. The fraction of surface fS
is defined as Stot divided by the total area
∑
i 4piR
2
i of bubbles of radii Ri, including area
that has been covered by bubbles. This quantity varies from fS = 1 at the beginning of
the phase transition (when bubbles are isolated) to fS = 0 at the end (when all bubbles
have merged and their walls have disappeared). The quantity fS tracks the conversion
of potential energy (false vacuum energy or latent heat) to other forms of energy (kinetic
energy of the wall, kinetic energy of the fluid, or thermal energy). It will be more relevant
than fb to those processes involving the bubble walls. In particular, the departures from
equilibrium which give rise to the important consequences of the phase transition originate
at the bubble walls. Let us consider a few examples.
Baryogenesis. If the electroweak phase transition is of first order, the walls of expand-
ing bubbles push a net charge density into the symmetric phase, which bias baryon-number
violating processes [17, 18, 19, 20]. This mechanism relies on diffusion processes that take
place up to a distance l from the wall, which is naturally l ∼ T−1. This length is several
orders of magnitude smaller than the typical bubble radius R, which is of order H−1,
where H is the Hubble rate. It is in this very thin shell next to the bubble walls where
baryon number generation occurs. The baryon number density nB(t) which is left behind
by the walls depends on the value of the wall velocity. The latter is often estimated at
1In general, all the terms in the equation of motion for the scalar field (order parameter) involve a
single scale, namely, the scale of the theory, which is ∼ T , so the characteristic time scale for the wall
dynamics is ∼ T−1. This time is generally much shorter than the duration of the phase transition, which
is determined by the Hubble rate and involves also the Planck scale.
2For recent discussions on the behavior of the scalar field after bubble collisions, see [16] and references
therein.
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the onset of nucleation, although v(t) generally varies during the phase transition.
Gravitational waves. The energy that is set in motion by the bubble walls is a source
of gravitational waves (GWs) [21, 22, 23]. This energy may be concentrated in the walls
themselves, or it may be transferred to bulk fluid motions [24, 2]. In the latter case, the
relation of the wall surface with the generated GW spectrum is indirect, since the direct
source of GWs is the turbulence [2] or the sound waves [25] caused in the fluid, which may
last longer than the phase transition. In any case, the walls are the source of such fluid
motions. Furthermore, in the so called bubble-collision mechanism the energy transferred
to the fluid is assumed to be concentrated in a thin shell around the walls. In the envelope
approximation [26], the contribution of the overlap regions to the gravitational radiation
is neglected, and the energy-momentum tensor is concentrated in the “envelope” of walls
surrounding a cluster of bubbles.
Topological defects. Perhaps the simplest example illustrating the formation of topo-
logical defects [27] is the trapping of a vortex in two spatial dimensions. Consider the
spontaneous symmetry-breaking of a global U(1) symmetry, where a complex scalar field
φ vanishes in the symmetric phase and takes nonvanishing values φ = veiα in the broken-
symmetry phase. The modulus v is fixed but the phase α is arbitrary and is uncorrelated
in different bubbles. When two bubbles meet, α will rearrange itself so that it varies
smoothly from one bubble to the other. Moreover, this phase will tend to take a constant
value throughout space. When three bubbles meet at a given point, α will tend to vary
smoothly along a closed line across the thee bubbles. However, a complete equilibration
to reach a constant phase may be topologically impossible, in which case a defect will be
trapped in a symmetric-phase region enclosed by the bubbles. Nevertheless, it is very un-
likely that three bubble walls collide simultaneously at a single point. Two of the bubbles
will meet first, and the third one will arrive later. If the phase equilibration [28] between
the first two bubbles completes before the arrival of the third bubble, the formation of a
vortex may be avoided [29].
It is clear that the wall dynamics plays a relevant role in the determination of these
consequences of the phase transition. In particular, electroweak baryogenesis takes place
in a thin shell next to the bubble walls. Since the baryon number density depends on
the wall velocity, a precise evaluation of the baryon asymmetry requires integrating nB(t)
in time, weighted with the volume 〈Stot(t)〉v(t)dt. In the case of GW production (at
least in the envelope approximation), the energy-momentum tensor T is also localized
in a thin shell around the bubble walls. However, the spectrum of GWs depends on
the correlation function 〈T (x)T (y)〉 between different space-time points (see, e.g., [30,
31]). One would then expect that the GW spectrum will be related to bubble surface
correlations 〈S(t)S(t′)〉 rather than to the average area. On the other hand, for topological
defect formation, the probability of trapping a defect in a sequence of bubble collisions
depends on the probability that a point on a given bubble wall will soon collide once
a nearby point has already collided. This mechanism should then be related to the
correlation between different points on the same bubble wall.
It is well known that the probability that a random point of space is in the false
vacuum is the same as the fraction of volume remaining in that phase. Also, the fraction
of the bubble wall that remains uncollided is given by the probability that a point on a
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bubble wall remains in the false vacuum (this probability is not the same as the previous
one, since the nucleation in the vicinity of the point is affected by the presence of the
bubble to which it belongs [1]). Similarly, the surface correlations mentioned above will
depend on conditional or joint probabilities for multiple points belonging to bubble walls.
In the present paper, we consider such probabilities. In the next section we review
some existing results and discuss the probability that a set of arbitrary points in space
remain in the false vacuum at a given time. In section 3 we calculate the probability that
a point in the surface of a bubble is uncollided, depending on whether another point in
the same bubble wall or in the wall of another bubble is still uncollided. In section 4
we consider some applications, such as wall area correlations. We apply the results to a
specific model for the phase transition, in which bubbles nucleate simultaneously and the
wall velocity is constant. We finish with a discussion in section 5.
2 Phase transition dynamics and probability of re-
maining in the false vacuum
In this section and the following we shall consider the dynamics of the phase transition
for arbitrary Γ(t) and v(t), while in section 4 we shall consider a particular example.
Actually, rather than the wall velocity, the basic ingredient will be the bubble radius.
Between two times t′ and t, the radius of a bubble increases by
R(t′, t) =
∫ t
t′
v(t′′)dt′′. (1)
For simplicity, we shall ignore the effect of the scale factor a(t), which would introduce
a factor a(t)/a(t′′) in the integrand. As already mentioned, this approximation is valid
in most cases. In any case, generalizing our treatment to include this effect should be
straightforward. If we neglect the initial radius of the bubble at the time of its nucleation,
which is also a good approximation in general, then Eq. (1) gives the radius of a bubble
which has nucleated at time t′ and has expanded until time t. The fraction of volume
occupied by bubbles is given by fb = 1 − Pfv, where Pfv is the fraction of volume in
the false vacuum, which coincides with the probability that an arbitrary point is in that
phase. This quantity is well known [32]. We shall consider a derivation here, which we
shall generalize to less simple cases below.
2.1 Probability that a given point in space remains in the false
vacuum
By time t, a point p may have been reached by bubbles nucleated at times t′′ < t. We begin
by considering the probability Pout(t
′′) that p, at time t, is outside of any bubbles nucleated
before a certain t′′. This probability depends also on t, which we omit for simplicity of
notation. Then, the probability that p remains outside of any bubbles nucleated before
t′′ + dt′′ is given by the product
Pout(t
′′ + dt′′) = Pout(t′′)(1− dP (t′′)), (2)
where the last factor is the probability that p was not reached by bubbles nucleated
between t′′ and t′′ + dt′′ either. That is to say, dP (t′′) is the probability that p has been
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reached by some bubble nucleated between t′′ and t′′ + dt′′, assuming that p was not
reached by bubbles nucleated before t′′. From Eq. (2) we readily obtain a differential
equation whose solution is
Pout(t
′′) = e−
∫ t′′
tc
dP . (3)
Here, tc is the initial time, corresponding to the critical temperature Tc of the phase
transition, before which the nucleation rate vanishes. Evaluating at t′′ = t we obtain the
probability that the point p remains in the false vacuum at time t,
Pfv(t) = e
− ∫ ttc dP (t′′). (4)
We still have to compute the conditional probability dP (t′′) that (at time t) p is inside
a bubble nucleated between t′′ and t′′ + dt′′, assuming that it is outside of any previously
nucleated bubbles. For a bubble nucleated at time t′′ to reach the point p before time
t, the bubble must have nucleated at a distance smaller than R(t′′, t) from the point. In
Fig. 1, the dots represent the possible nucleation points. To calculate the probability
that a bubble was nucleated within this radius at time t′′, we must determine whether,
at that time, the whole region was actually available for bubble nucleation, since part
of the space could have been occupied by previously nucleated bubbles. Nevertheless,
such bubbles would also reach the point p before time t, which we are assuming does
not occur. Indeed, consider a bubble nucleated at a certain tprev < t
′′. For this bubble
to invade the dotted region at t′′, it must have nucleated at a distance smaller than
R(tprev, t
′′) from it (see Fig. 1). But then it would be too close to p, at a distance smaller
than R(tprev, t
′′) +R(t′′, t) = R(tprev, t).
R(tprev,t)
R(tprev,t'')
R(t'',t)
p
Figure 1: The region in which bubbles must nucleate at time t′′ in order to reach the
point p before time t (dots). The outer circle indicates the region within which bubbles
should nucleate at tprev < t
′′ in order to affect the dotted region.
Hence, the whole volume of the dotted region is free of bubbles at time t′′ and is
available for nucleations. Thus, the probability dP (t′′) is given by
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3. (5)
From (4-5) we obtain
Pfv(t) = e
−I(t), (6)
where
I(t) =
∫ t
tc
dt′′Γ(t′′)
4pi
3
R(t′′, t)3. (7)
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2.2 Probability that a point is in the false vacuum given that
another point is in the false vacuum
Let us now consider the probability Pp|p′ that a point p remains in the false vacuum at
time t, given that another point p′ was in the false vacuum at time t′ ≤ t. Proceeding
as before, we consider the probability Pout(t
′′) that p has not been reached by bubbles
nucleated before t′′, and then the probability dP (t′′) that p has been reached by a bubble
nucleated between t′′ and t′′+dt′′. Thus, we obtain the same equation for Pout(t′′), Eq. (2),
which leads to Eqs. (3) and (4). Like in the previous case, dP (t′′) is the conditional
probability that p is inside a bubble nucleated between t′′ and t′′ + dt′′ subjected to the
condition that p is outside of bubbles nucleated before t′′. The difference is that, in the
present case, we also have the condition that the other point, p′, is in the false vacuum at
time t′. Therefore, we write
Pp|p′ = e
− ∫ ttc dP (t′′), (8)
and we must re-evaluate the conditional probability dP (t′′).
At t′′, the bubble affecting p must have nucleated within a sphere of radius R(t′′, t)
centered at this point, like in Fig. 1. Then, in principle, we would obtain Eq. (5). Again,
under the present conditions the dotted region is not affected, at time t′′, by previously
nucleated bubbles. However, the nucleations at t′′ might reach the point p′ before time t′,
which is now forbidden by the conditional probability. For t′′ > t′ this will not happen,
so we still have
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3 (t′′ > t′). (9)
But for t′′ ≤ t′, any nucleation at time t′′ must occur at a distance larger than R(t′′, t′)
from p′ in order to avoid affecting this point. This situation is represented in Fig. 2. A
nucleation at t′′ must occur inside the dotted region in order to affect the point p but
outside the striped region to leave p′ unaffected. Therefore, we have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − V∩
]
(t′′ ≤ t′), (10)
where V∩ is the volume of the intersection of the two spheres.
From Eqs. (8-10), we obtain
Pp|p′ = exp
[
−
∫ t
tc
dt′′Γ(t′′)
4pi
3
R(t′′, t)3 +
∫ t′
tc
dt′′Γ(t′′)V∩
]
. (11)
The intersection volume V∩ depends on the radii
r ≡ R(t′′, t) , r′ ≡ R(t′′, t′) (12)
and on the separation s between p and p′. It is given by
V∩ =

4pir′3/3 for s ≤ r − r′,
pi
12
(r + r′ − s)2
[
s+ 2(r + r′)− 3(r−r′)2
s
]
for r − r′ < s ≤ r + r′,
0 for s > r + r′.
(13)
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R(t'',t')
p'
p
R(t'',t)
Figure 2: Regions affecting the points p and p′ for t′′ < t′ < t. The dotted region is that
in which a bubble must nucleate at time t′′ in order to reach the point p before time t. If
the nucleation occurs inside the striped region, the bubble would eat the point p′ before
time t′.
Notice that, if the separation is small enough, the smaller sphere is completely contained
inside the larger one3; hence the value 4pir′3/3. On the other hand, if the separation is
large enough, the intersection is empty and we have V∩ = 0 (see Fig. 2). Finally, we write
Eq. (11) in the form
Pp|p′(t, t′, s) = exp [−I(t) + I∩(t, t′, s)] , (14)
where the function I(t) is given by Eq. (7), and we have defined the quantity
I∩(t, t′, s) =
∫ t′
tc
dt′′Γ(t′′)V∩(r, r′, s). (15)
2.3 Probability that multiple points remain in the false vacuum
Although we are mostly interested in points on bubble walls, we shall comment on the
probability for several arbitrary points to remain in the false vacuum. We have obtained
the probability Pp|p′(t, t′, s) of the point p being in the false vacuum at time t, under the
condition that p′ was in the false vacuum at time t′ ≤ t. Multiplying by the probability
Pfv(t
′) that p′ was in the false vacuum at time t′, Eq. (6), we obtain the joint probability4
that p is in the false vacuum at time t and p′ is in the false vacuum at time t′,
P
(2)
fv (t, t
′, s) = Pfv(t′)Pp|p′(t, t′, s) = exp [−I(t)− I(t′) + I∩(t, t′, s)] (16)
(we denote the two-point case with a superscript 2). The exponent in the last expression
can be written as −I∪, with
I∪(t, t′, s) =
∫ t
tc
dt′′Γ(t′′)V∪, (17)
3Remember that we are considering the specific case t′ ≤ t, so we have r′ ≤ r. For t′ > t (in which
case the probability Pp|p′ is conditioned to the point p′ being in the false vacuum in the future) the
calculation is similar, and the result is essentially the same. To take into account this possibility, the
limit of integration t′ in the second integral of Eq. (11) must be replaced with tm = min{t, t′}.
4For this joint probability, there is no loss of generality in the assumption t′ ≤ t.
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where V∪ is the volume of the union of the two spheres of radii R(t′′, t) and R(t′′, t′),
V∪ =
4pi
3
r3 +
[
4pi
3
r′3 + V∩(r, r′, s)
]
Θ(t′ − t′′). (18)
This expression takes into account the fact that there is no sphere of radius R(t′′, t′) for
t′′ > t′.
We could have obtained this result5 as a generalization of the calculation of P
(1)
fv (t) ≡
Pfv(t). In this case, Pout(t
′′) would denote the probability that none of the two points
p, p′ has been eaten by bubbles nucleated before time t′′, and dP (t′′) the probability that
at least one of them has been reached by a bubble nucleated between t′′ and t′′ + dt′′.
This leads to the total volume V∪. The generalization to the probability that n points
p1, . . . , pn remain in the false vacuum at times t1, . . . , tn, respectively, is straightforward.
For a bubble nucleated at time t′′ to reach any of the points pi before the corresponding
time ti, the bubble must have nucleated within one of the spheres of radius R(t
′′, ti)
centered at pi. This is illustrated in Fig. 3 for the case of three points. The result involves
the volume V∪ of the union of the n spheres, which depends on the separations sij between
the different points pi as well as on the radii R(t
′′, ti). Thus, we have
P
(n)
fv (ti, sij) = e
−I∪(ti,sij), (19)
where I∪ =
∫ tmax
tc
dt′′Γ(t′′)V∪ and tmax = max{ti}. The computation of V∪ must take
into account that for t′′ > ti we have R(t′′, ti) = 0. Care must also be taken of avoiding
over-counting the intersections, which may be multiple.
R(t'',t1 )
p1
p2
R(t'',t2)
p3
R(t'',t3)
Figure 3: The region in which bubbles must nucleate at time t′′ in order to reach at least
one of the points pi before time ti.
3 Points on bubble walls
The calculations of the previous section can be adapted to points on bubble walls. Con-
sidering the bubbles as overlapping spheres, a given point of a wall has not collided if it
has not been eaten by another bubble. For joint probabilities, perhaps the most direct
5See Ref. [31] for an alternative derivation using past light cones of the two events (t, p), (t′, p′).
Although only the case of constant velocity was considered there, the derivation is valid in general.
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approach is to consider, like in Sec. 2.3, the whole region of bubble nucleations at time t′′
(the dotted region in Fig. 3). However, we are also interested in conditional probabilities,
so we shall follow the steps of Sec. 2.2.
3.1 Probability that a point of a bubble wall remains uncollided
It is instructive to consider first the simpler case of a single point, which was first discussed
in Ref. [1]. Since a single bubble has a negligible contribution to the fraction of volume
occupied by bubbles, it seems, at first sight, that the probability of a given point p
on its surface remaining uncollided at time t will be given by the fraction of volume
Pfv(t). However, the presence of the reference bubble to which p is attached modifies the
probability that p remains in the false vacuum.
Like in Sec. 2.1, we begin by considering the probability that the point p is outside of
any bubble nucleated before some time t′′ < t. This leads to the differential equation (2)
and its solution (4). Thus, we obtain the probability that p is uncollided,
Pu = e
− ∫ ttc dP (t′′), (20)
where, like before, dP (t′′) is the probability of p being inside a bubble nucleated between
t′′ and t′′ + dt′′, assuming that it is not inside any bubble nucleated before t′′. Again, for
this to happen, a bubble must have nucleated at a distance smaller than R(t′′, t) from
p (the dotted region in Fig. 1). For the present case, Fig. 4 shows the dotted region as
well as the wall which contains p (represented with a solid red line). The corresponding
bubble was nucleated at a certain time tN , and we may have tN < t
′′ or tN > t′′.
p
Case t'' > tN 
R(tN,t)
p
R(tN,t'')
R(tN,t)
R(t'',t)
Case t'' < tN 
R(t'',t)
R(t'',tN)
Figure 4: A bubble B nucleated at time tN (in red) whose wall contains the point p, and
the region where bubbles must nucleate at time t′′ (dots) in order to reach p before time
t. The shaded region corresponds to nucleations at t′′ which would prevent the nucleation
of the reference bubble.
We need to determine which part of the dotted region is actually available for bubble
nucleation at time t′′. It is straightforward to show that, like in the previous section, the
dotted region could not be invaded at time t′′ by bubbles nucleated at previous times6
tprev < t
′′. On the other hand, in the case t′′ < tN , a bubble nucleated at t′′ may prevent
6In particular, in the case tN < t
′′, the reference bubble wall containing p will be, at time t′′, just
touching the limit of the dotted region, since R(tN , t
′′) +R(t′′, t) = R(tN , t). This is sketched with a red
dotted circle in the left panel of Fig. 4.
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the nucleation of the reference bubble B. This will happen if the former nucleates too
close to the nucleation point of the latter; specifically, within a radius R(t′′, tN) (shaded
region in the the right panel of Fig. 4). Since we are assuming that bubble B exists,
no bubbles can have nucleated in this region at time t′′. The probability that a bubble
nucleates in the remaining part of the dotted region at a time between t′′ and t′′ + dt′′ is
given by7
dP (t′′) = dt′′Γ(t′′)
4pi
3
[
R(t′′, t)3 −R(t′′, tN)3
]
(21)
for t′′ < tN . In contrast, for t′′ > tN , the whole dotted region is available, and we have
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3. (22)
From (20-22) we obtain
Pu(t, tN) = exp[−I(t) + I(tN)]. (23)
The probability Pu gives also the fraction of points on the wall of the bubble nucleated
at tN which are still in the false vacuum at time t, i.e., the uncollided fraction of its surface.
The result is Pu = Pfv(t)/Pfv(tN), which has a simple interpretation. Consider a large
volume V . Inside this volume, a nucleation at time tN can only occur in the available
volume V Pfv(tN). The nucleated bubble is initially uncollided. For very large V , the
probability that part of this single bubble leaves the volume V Pfv(tN) at later times is
negligible. Nevertheless, this initial volume is invaded due to the nucleation and growth
of many other bubbles, and, by time t, a smaller part of it, V Pfv(t), remains in the false
vacuum. Thus, the reference bubble is still contained in the initial volume but, in average,
only a fraction V Pfv(t)/V Pfv(tN) of its points remains in the false vacuum region. This
alternative derivation gives also the fraction of the bubble volume which is not covered
by other bubbles.
3.2 Probability that two points of a bubble wall remain uncol-
lided
We now consider two points p and p′ on the surface of a bubble B nucleated at time tN .
We shall first find the conditional probability that p remains in the false vacuum at time
t, given that p′ was in the false vacuum at time t′. Following the same steps of Sec. 2.2,
we obtain again
P Sp|p′ = e
− ∫ ttc dP (t′′), (24)
(the superscript S indicates that the two points belong to the surface of the bubble). We
only need to re-calculate the probability dP (t′′) of p′ being outside of any bubble nucleated
before t′′ and inside a bubble nucleated between t′′ and t′′+dt′′. Such a bubble must have
nucleated within a sphere of radius R(t′′, t) centered at p (the dotted region in previous
figures). As we have already seen, under the above conditions the dotted region is not
affected by bubbles nucleated at times tprev < t
′′, but we must exclude those nucleation
points which would prevent the nucleation of bubble B at time tN . Besides, since we are
7The forbidden (shaded) region is always completely contained inside the sphere with dots, since
R(t′′, tN ) +R(tN , t) = R(t′′, t).
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also assuming that the point p′ is in the false vacuum at time t′, we must also exclude
nucleation points which would affect this event.
For the sake of concreteness, let as assume that t′ ≤ t; the case t′ > t is similar and
gives essentially the same result8. For t′′ > t′, the nucleation at time t′′ cannot affect
events at times tN or t
′, so we have
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3. (25)
The case t′′ < t′ is sketched in Fig. 5. For t′′ > tN (left panel), a nucleation at time t′′
cannot affect the nucleation of B at time tN but may affect the point p
′ before time t′.
Hence, any nucleation at time t′′ must occur at a distance larger than R(t′′, t′) from p′
(i.e., outside the striped region). For t′′ < tN (right panel), a nucleation at t′′ may also
affect the nucleation of the reference bubble. This will only happen if the nucleation at
t′′ occurs within a radius R(t′′, tN) from the center of B (shaded region). Nevertheless,
this region is fully contained in the striped region9. Therefore, we only have to exclude
the striped region from the dotted one. Thus, for t′′ < t′ we have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − V∩(r, r′, s)
]
, (26)
where V∩ is the volume of the intersection of the dotted and striped regions, given by
Eq. (13).
R(t'',t')
R(t'',tN)
p'
p
Case tN < t'' < t' 
R(t'',t)
R(tN,t)
R(tN,t')
R(t'',t)
R(t'',t')
R(tN,t) R(tN,t')
Case t'' < tN < t' 
p'
p
Figure 5: The reference bubble B nucleated at time tN , at two subsequent times t
′ and
t (in red). The dots represent the nucleations at time t′′ which affect the point p before
time t. Nucleations at t′′ in the striped region would eat the point p′ before time t′, and
those in the shaded region would prevent the nucleation of B.
From Eqs. (24-26), we obtain the probability of the point p being in the false vacuum
at time t under the condition that p′ is in the false vacuum at time t′,
P Sp|p′(t, t
′, s) = exp [−I(t) + I∩(t, t′, s)] , (27)
8See footnote 3.
9Since R(t′′, tN ) +R(tN , t′) = R(t′′, t′). In other words, the shaded region also affects the point p′ and
is already taken into account.
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with I∩ given by Eq. (15). The result coincides with Eq. (14), which corresponds to
the case of two arbitrary points in space. Here, the condition that p is attached to a
bubble does not have more implications than the condition that p′ (on the same bubble)
is uncollided10. Multiplying Eq. (27) by the probability that p′ was uncollided at time t′,
Eq. (23), we obtain the joint probability
P Sp,p′(t, t
′, tN , s) = exp [−I(t)− I(t′) + I(tN) + I∩(t, t′, s)] . (28)
As we have seen, the intersection volume V∩ depends on the distances r = R(t′′, t)
and r′ = R(t′′, t′), and on the separation s. The latter can be written as a function of the
bubble radii
R ≡ R(tN , t) , R′ ≡ R(tN , t′), (29)
and the angle θ between the positions of the points p and p′ relative to the bubble center
(see Fig. 6),
s =
√
R2 +R′2 − 2RR′ cos θ. (30)
We thus have R − R′ ≤ s ≤ R + R′. As we have seen in Sec. 2.2, for s ≤ r − r′ we have
V∩ = 4pir′3/3. In the present case, in which the two points belong to the same bubble
wall, we will never actually have s < r − r′. Indeed, notice that
r − r′ = R(t′, t) = R−R′ ≤ s. (31)
On the other hand, we may have r + r′ > s, for which V∩ = 0, so we write
V∩ =
pi
12
(r + r′ − s)2
[
s+ 2(r + r′)− 3(r − r
′)2
s
]
Θ(r + r′ − s). (32)
r'
p'
p
R'
r
s
R

Figure 6: The intersection volume V∩ and the separation s. The configuration corresponds
to the example on the left of Fig. 5.
3.3 Points on walls of different bubbles
Now we consider the case in which the two points p and p′ belong to the walls of two
different bubbles B and B′, nucleated at times tN and t′N , respectively.
10The result would be different if p′ were a random point in space. Below we consider a similar case,
namely, when p′ belongs to a different bubble B′.
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3.3.1 General considerations
There are some conditions which will have to be taken into account eventually. In the first
place, we assume that both reference bubbles exist, so neither bubble should be occupying
the nucleation center of the other one. This implies that the distance l between the bubble
centers must be larger than the distance travelled by a wall from one center to the other,
l > |R(tN , t′N)|. (33)
In the second place, if the bubbles are too close, it may happen, for instance, that the
point p′ by time t′ is already inside the bubble B. This case will be forbidden from the
beginning when we consider a conditional probability which assumes that p′ is uncollided
at that time. On the other hand, when we consider the joint probability for both points to
be uncollided at the corresponding times, the situation is not forbidden but its probability
vanishes. We shall assume that we are not in this situation, which implies the condition
d′ > R(tN , t′), (34)
where d′ is the distance from the point p′ to the center of the bubble B. Similarly, requiring
that the point p is not inside the bubble B′ by time t, we have the condition
d > R(t′N , t), (35)
where d is the distance from p to the center of B′. These two conditions together imply
Eq. (33)11. These restrictions do not affect the discussions on the nucleations at time t′′
below, and the examples shown in the figures fulfill them. Nevertheless, in applying our
results, it should be taken into account that the probability vanishes beyond the limits
imposed by these conditions.
3.3.2 Probability that a point of a bubble wall is uncollided, given that a
point of another bubble wall is uncollided
First, we assume that p′ is uncollided at time t′, and we calculate the probability that p is
uncollided at time t. For the sake of concreteness we shall consider only the case12 t ≥ t′,
but we must consider the two possibilities t′N < tN and tN < t
′
N . Thus, there are three
possible time orderings, namely, t′N < t
′ < tN , t′N < tN < t
′, or tN < t′N < t
′ (the latter is
considered in Fig. 7). The conditional probability is again given by
P SS
′
p|p′ (t, t
′) = e−
∫ t
tc
dP (t′′) (36)
(the superscript SS ′ indicates that the points belong to the surfaces S and S ′ of two
different bubbles), and we must compute the probability dP (t′′) that p has not been
reached by bubbles nucleated before time t′′ but has been reached by a bubble nucleated
in the interval [t′′, t′′ + dt′′]. As before, the nucleation at t′′ must occur within a sphere of
radius R(t′′, t) centered at p (dotted region). However, some of these nucleations will also
affect the point p′ or the nucleations of the bubbles B or B′, and must be excluded.
11Let us denote l the vector going from the center of B to that of B′, R the vector joining the center
of B with p, and R′ the vector joining the center of B′ with p′. We have R = R(tN , t), R′ = R(t′N , t
′),
d = |l−R|, and d′ = |l+R′| (see Fig. 8). Then, the triangular inequality gives d ≤ l+R and d′ ≤ l+R′.
Inserting these inequalities in Eqs. (35-34) gives Eq. (33).
12See footnote 3.
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tt'N t'tN
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tt'N t'tN tt'N t'tN
R(t'',t)
R(tN,t)
R(t'N,t')
p
R(t'',t')
t''
R(t'',t)
R(t ,t
R(t'N,t')
R(t'',t')
t''
R(t'',t)
R(t'',t')
R(t'',tN)
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Figure 7: A bubble B nucleated at time tN (red) and a bubble B
′ nucleated at time t′N
(orange). The former is drawn at time t and the latter, at time t′, with the points p and
p′ on each bubble surface. The black dots indicate the nucleations at time t′′ which affect
p at time t. Those which fall inside the striped region would also affect p′ at time t′, and
those in the shaded regions would affect the nucleations of B or B′.
Let us consider the time sequence tN < t
′
N < t
′ < t. The other cases are similar and
lead to the same conclusion (see the appendix). Fig. 7 shows examples of the bubble
configuration, corresponding to particular positions of the time t′′ relative to the other
times (shown in the timelines on top of each figure). The case t′′ > t′ is the simplest one
and is not shown in Fig. 7. In this case, the nucleation at t′′ cannot affect the events at
times t′, t′N or tN , and we have the whole dotted volume. Hence,
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3 (t′′ > t′). (37)
In the case t′N < t
′′ < t′ (left panel of Fig. 7), a bubble nucleated at time t′′ may have
eaten the point p′ by time t′, so we must exclude the sphere of radius R(t′′, t′) centered at
p′ (striped region). We thus have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − V∩
]
(t′N < t
′′ < t′), (38)
where V∩ is the volume of the intersection of the striped and dotted spheres, which is
given by Eq. 13.
For tN < t
′′ < t′N (shown in the central panel of Fig. 7), the nucleation at t
′′ may also
prevent the nucleation of bubble B′. Nevertheless, like in the previous section, the region
which can affect this event (light orange shade in Fig. 7) is completely contained within
the striped region, which is already excluded in Eq. (38). Therefore, nothing changes
when t′′ becomes smaller than t′N ,
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − V∩
]
(tN < t
′′ < t′N). (39)
Finally, for t′′ < tN (right panel), the nucleation at t′′ may also prevent the nucleation
of bubble B. Therefore, we must exclude the sphere of radius R(t′′, tN) around the center
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of B (pink shade), as well as the striped region. We thus have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − 4pi
3
R(t′′, tN)3 − V∩ + V ′∩
]
(t′′ < tN). (40)
Here, we have first subtracted the volume of the pink region, which is completely contained
inside the dotted region, then we have subtracted the intersection volume V∩ of the striped
and dotted regions. The volume V ′∩ is a correction for the case in which the striped region
overlaps with the pink region, like in the example of Fig. 7. This volume must be added
in order to avoid subtracting twice their intersection. This happens when the distance d′
between p′ and the center of B is short enough. Thus, V ′∩ depends on d
′ and on the radii
of the two spheres, r′ = R(t′′, t′) and rN ≡ R(t′′, tN) (see Fig. 8), and we have13
V ′∩ =
pi
12
(r′ + rN − d′)2
[
d′ + 2(r′ + rN)− 3(r
′ − rN)2
d′
]
Θ(r′ + rN − d′). (41)
r
R'
R
r'
p
p' s
d'
'

l
rN
Figure 8: The intersection volumes V∩ (gray) and V ′∩ (pink), and the distances s and d
′.
This specific configuration corresponds to the case on the right panel of Fig. 7.
Inserting these results in Eq. (36), we obtain
P SS
′
p|p′ (t, t
′, s, d′, tN) = exp [−I(t) + I(tN) + I∩(t, t′, s)− I ′∩(t′, tN , d′)] , (42)
where I∩ is the integral given by Eq. (15), and I ′∩ is a similar integral involving V
′
∩.
According to Eq. (40), the upper limit of this integral is tN . However, if we take into
account the possibility t′ < tN (not considered in the example used for this derivation),
we must write (see the appendix for details)
I ′∩(t
′, tN , d′) =
∫ min{tN ,t′}
tc
dt′′Γ(t′′)V ′∩(r
′, rN , d′). (43)
13The Heaviside function takes into account the fact that for large enough separation the intersection
is empty. On the other hand, the condition (34), d′ > R(tN , t′) = R(t′′, t′)−R(t′′, tN ) = r′ − rN , implies
that the sphere of radius rN will never be contained completely inside that of radius r
′, except as a limit.
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The distance s between p and p′ is no longer given by Eq. (30). We may relate the relevant
distances with the orientations of the points on each bubble surface,
s2 = l2 +R2 +R′2 − 2lR′ cos θ′ − 2lR cos θ + 2RR′(sin θ sin θ′ cosφ− cos θ cos θ′), (44)
d′ =
√
R′2 + l2 − 2R′l cos θ′, d =
√
R2 + l2 − 2Rl cos θ, (45)
where R ≡ R(tN , t), R′ ≡ R(t′N , t′), l is the separation between the bubble centers, the
angles θ and θ′ (which are in the interval [0, pi]) correspond to the orientations of the points
p and p′ on each bubble with respect to the axis joining the two centers (see Fig. 8), and
φ (in the interval [0, 2pi]) is the angle between the projections of these directions on the
plane perpendicular to the axis. Although Eq. (42) does not depend on d, this distance
appears in the condition (35). Indeed, in the derivation of P SS
′
p|p′ we have assumed that
the conditions (34-35) are fulfilled. The assumption d′ > R(tN , t′) is correct, since the
conditional probability assumes that the point p′ is uncollided. On the other hand, the
condition d > R(t′N , t) is not necessarily valid. If it is not fulfilled, the point p at time t is
inside bubble B′, and the probability just vanishes, so we must multiply Eq. (42) by the
Heaviside function
Θ (d−R(t′N , t)) . (46)
It is interesting to consider the the limit in which B and B′ nucleate at the same
time and very close to each other. For l = 0, Eq. (45) gives d′ = R′ and s becomes the
same as for the single-bubble case, i.e., Eq. (44) becomes Eq. (30). Besides, for tN = t
′
N
we have r′ − d′ = R(t′′, t′) − R(t′N , t′) = R(t′′, t′N) = r′N = rN . Using this result, the
volume V ′∩ becomes V
′
∩ =
4pi
3
r3N . Hence, I
′
∩ cancels with I(tN) in Eq. (42), and we obtain
P SS
′
p|p′ (t, t
′, s) = exp [−I(t) + I∩(t, t′, s)], which coincides with Eq. (28), i.e., the probability
P Sp|p′(t, t
′, s) for two points on the same bubble wall. This was to be expected, since in
this limit the two bubbles are almost coincident. However, we must also take into account
Eq. (46). In particular, in this limit many points on each surface must be eaten by the
other bubble (here, we are assuming that p′ is not). In the case t′N = tN Eq. (46) becomes
Θ(d − R). For l → 0 we have d → R, so we must be careful with the limit. For l  R
Eqs. (45) can be written
d−R = −l cos θ, d′ −R′ = −l cos θ′. (47)
Hence, the Heaviside function vanishes for cos θ > 0, i.e., for θ < pi/2. This is because,
in this limit, a half of bubble B is inside B′.
3.3.3 Probability that a point on a bubble wall is uncollided, in the presence
of another bubble
To obtain the joint probability that a point p on the surface of B and a point p′ on the
surface of B′ remain uncollided at times t and t′, respectively, we only have to multiply
P SS
′
p|p′ by the probability that the point p
′ on the wall of B′ is uncollided at time t′ (without
any condition on the point p). This probability was obtained in Sec. 3.1 and is given by
Eq. (23). However, the conditions are different in the present case, since we assume the
existence of another bubble, B, at a certain distance from B′ (otherwise, we cannot ask
whether the point p on B is uncollided). Therefore, we must consider the probability that
p′ on B′ is uncollided at time t′, in the presence of the bubble B. This probability may
be also of interest on its own.
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Following the derivation of Sec. 3.1, we consider the region of nucleations at time t′′
which affect p′ at time t′ (in Fig. 4 this was the dotted region but in Fig. 7 it is represented
by a striped region). Like before, we need to exclude nucleations at t′′ which affect the
nucleation of the reference bubble B′ at t′N (the orange region in Fig. 7), but also those
which prevent the nucleation of B at tN (the pink region). We thus obtain
P up′|B(t
′, t′N , tN , d
′) = exp[−I(t′) + I(t′N) + I ′∩(t′, tN , d′)]. (48)
The first two terms in the exponent are like in Eq. (23). However, the probability that p′
(on the surface of B′) is uncollided depends also on its distance to the center of B and the
nucleation time of the latter. In this derivation we have assumed that Eq. (34) is fulfilled.
Therefore, Eq. (48) does not take into account the possibility that bubble B has eaten
the point p′, and we must add the factor
Θ (d′ −R(tN , t′)) . (49)
3.3.4 Probability that two points on the walls of different bubbles are uncol-
lided
The joint probability that both points are uncollided is given by the product of Eqs. (48)
and (42),
P SS
′
p,p′ (t, t
′, tN , t′N , s) = exp [−I(t)− I(t′) + I(tN) + I(t′N) + I∩(t, t′, s)] . (50)
The integral I ′∩(t
′, tN , d′) has canceled out, so this expression depends only on the point
separation and not on the bubble separation l. The result is very similar to the single-
bubble probability, Eq. (28), except for the extra term I(t′N) in the exponent. However,
we remark that if any of the conditions (34-35) is not fulfilled, one of the points has been
eaten by the other bubble, and the probability actually vanishes. Therefore, Eq. (50)
must be multiplied by the Heaviside functions
Θ(d−R(t′N , t))Θ(d′ −R(tN , t′)). (51)
To see the dependence with l, let us consider, for simplicity, the case t′N = tN and
t′ = t, so that we have two bubbles of the same size. In this case, Eq. (51) becomes
Θ(d − R)Θ(d′ − R). For l > R, Eqs. (45) give l − R < d < l + R, and the same for d′.
For l > 2R, both d and d′ are larger than R, so the Heaviside functions give a factor 1.
Thus, for large l, the probability is given by Eq. (50), which depends only on the point
separation s. On the other hand, for l < 2R the two bubbles overlap, and some points will
have zero probability of being uncollided (depending on d and d′). For l < R, Eqs. (45)
give R − l < d < R + l, and for l  R we have Eqs. (47) which, inserted in (51) imply
θ > pi/2, θ′ > pi/2. This is because, as already discussed, when the two bubbles almost
coincide, a half of each bubble is inside the other bubble.
4 Some particular cases and applications
We shall now consider some basic quantities which are related to the physical consequences
of the phase transition and are obtained from the probabilities derived above. For concrete
computations, we shall use a simple model for the phase transition, namely, a simultaneous
nucleation and a constant wall velocity,
Γ(t) = nbδ(t− t∗), R(t′, t) = v(t′ − t). (52)
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4.1 The envelope of uncollided walls
We shall begin by considering the (uncollided) wall area. For a given bubble of radius R,
the locus of its uncollided wall is a subset of the sphere of radius R. A given point on
the sphere is characterized by two angles θ, φ by means of the parametrization r = Rrˆ,
where rˆ = (sin θ cosφ, sin θ sinφ, cos θ). The uncollided wall can be characterized by the
indicator or characteristic function
1S(θ, φ) =
{
1 if r ∈ S,
0 if r /∈ S. (53)
Thus, the area of this bubble wall can be written in the form14
S = R2
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ 1S(θ, φ). (54)
If we regard the characteristic function as a stochastic variable and average over bubbles
of the same radius R, we have
〈S〉 = R2
∫ 2pi
0
dφ
∫ pi
0
sin θdθ 〈1S(θ, φ)〉 . (55)
For each direction rˆ, we have two possible values of 1S(θ, φ), with probabilities Prˆ(1)
and Prˆ(0) = 1 − Prˆ(1), and we have 〈1S(θ, φ)〉 = Prˆ(1). This is the probability that the
point represented by rˆ is uncollided, which is given by Eq. (23) and is independent of the
direction, Prˆ(1) = Pu(t, tN) = e
−I(t)+I(tN ). Thus, the average uncollided area of a bubble
of radius R is given by
〈S〉 = 4piR2e−I(t)+I(tN ). (56)
To obtain the total surface in a given volume V , we must multiply Eq. (56) by the number
of bubbles of radius R in this volume, and then integrate over R. According to Eq. (1),
the bubbles of radius R are those which were nucleated at the time tN(R, t) such that
R =
∫ t
tN
v(t′′)dt′′. Thus, at time t, the bubbles which have radii between R and R + dR
are those nucleated between tN − dtN and tN . The number of these bubbles is15
dN = Γ(tN)V Pfv(tN)dtN . (57)
Since Pfv(tN) = e
−I(tN ), we have
〈Stot〉 =
∫
dN 〈S〉 = V e−I(t)
∫ t
tc
dtNΓ(tN) 4piR(tN , t)
2. (58)
14We use the same notation S for the locus of the uncollided wall and its area.
15Using also dR = −v(tN )dtN , we may obtain the distribution of bubble sizes dn/dR = V −1dN/dR.
Another quantity of interest is the volume-weighted distribution of bubble sizes, (4pi/3)R3dn/dR, which
is associated to the energy that has been released in bubbles of a given size. The surface-weighted size
distribution 4piR2dn/dR may also be of interest, depending on the application. In this case, it would be
perhaps more appropriate to use the uncollided surface as weight, 〈S〉 dn/dR. We shall not discuss size
distributions here, since we shall use the model (52), for which all the bubbles have the same radius.
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As discussed in Sec. 1, for phenomena which depend on the bubble walls, the important
measure of progress (rather than the volume fraction fb) will be the fraction of uncollided
wall area, fS(t), which is obtained by dividing Eq. (58) by V
∫
dN 4piR2,
fS(t) =
e−I(t)
∫ t
tc
dtNΓ(tN)R(tN , t)
2∫ t
tc
dtNe−I(tN )Γ(tN)R(tN , t)2
. (59)
In Ref. [1], the energy-weighted fraction fE(t) is also defined, by replacing R(tN , t)
2
with R(tN , t)
3 in the numerator and denominator of Eq. (59). It is to be expected that
different measures of progress such as fS, fE, or Pfv = 1 − fb (all of which vary from 1
to 0 throughout the phase transition) are qualitatively similar. In Ref. [1] it was found
that, for the case of an exponentially growing nucleation rate, Pfv(t) and fE(t) are very
similar even quantitatively. For the delta-function rate (52) we have
〈Stot〉 = V nb 4piR(t∗, t)2 e−I(t), (60)
with
I(t) = nb
4pi
3
R(t∗, t)3, (61)
while the denominator in Eq. (59) is given by V nb 4piR(t∗, t)2. Therefore, we have
fS(t) = e
−I(t) = Pfv(t). The same happens with fE(t); i.e., for simultaneous nucle-
ation all these measures of progress coincide. For this model, a convenient unit of length
is the characteristic distance db ≡ n−1/3b (the “average” bubble separation), and, for con-
stant velocity, a convenient unit of time is the associated value ∆tb = db/v (which gives
an estimate for the duration of the phase transition). Thus, we may write
fS(t) = exp
[
−4pi
3
(
t− t∗
∆tb
)3]
. (62)
Hence, in units of the time scale ∆tb, this function does not depend explicitly on the wall
velocity. In a volume V = d3b , the average wall area is given by
〈Stot〉
d2b
= 4pi
(
t− t∗
∆tb
)2
exp
[
−4pi
3
(
t− t∗
∆tb
)3]
. (63)
In Fig. 9 we plot fS and 〈Stot〉 as functions of time. The vertical lines indicate some
representative times near the beginning, the middle, and the end of the transition. We see
that, when bubbles occupy a 1% of space, the area in their walls is already 0.22d2b , which
is more than a 10% of its maximum value. This is because of the high surface/volume
ratio for small bubbles, which, moreover, are uncollided. The maximum presence of walls
occurs approximately in the middle of the phase transition, when the fraction of volume
is fb ' 0.49. Finally, when only a 1% of space remains in the false vacuum, the uncollided
area is approximately 0.13d2b , which is still a 7% of its maximum. This relatively high
value (compared to fS) occurs because fS is a fraction of an ever-increasing surface.
4.2 Time correlations in the envelope
The function 〈Stot(t)〉 describes the turning on and off of the system of walls which sources
several of the consequences of the phase transition. However, as already mentioned, in
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Figure 9: The fraction of volume and of surface, fS = 1− fb, and the remaining wall area
〈Stot〉 at time t. The vertical lines correspond to the values fb = 0.01, 0.5 and 0.99.
some cases the relevant quantity will be the time correlation 〈Stot(t)Stot(t′)〉, or even
correlations between individual bubbles or between parts of bubbles. As we have seen, in
the case of simultaneous nucleation, the total uncollided area is proportional to that of a
single bubble, and we may also expect a similar relation for the surface correlations. The
total surface involves a sum over individual bubbles, Stot =
∑
i Si, and we may write
Stot(t)Stot(t
′) =
∑
i
Si(t)Si(t
′) +
∑
i
∑
j 6=i
Si(t)Sj(t
′). (64)
Taking the ensamble average, the terms in the first sum involve time correlations of a
single bubble. These terms will depend only on t, t′ and the nucleation time tN , but not
on the bubble position. Therefore, in a volume V , we may evaluate the sum by replacing∑
i → V
∫
Γ(tN)Pfv(tN)dtN , like we did in Sec. 4.1. In the case of simultaneous nucleation,
this gives a factor V nb. On the other hand, the terms in the double sum in Eq. (64) will
depend on the bubble separation l. Therefore, the sum over j can be replaced by the
integral 4pi
∫
dl l2. The result does not depend on the bubble positions, and then the sum
over i gives again a factor V nb. Below we consider these two contributions separately.
Let us first consider a bubble at different times t, t′. The uncollided area at each time
is given by Eq. (54), and we have
〈S(t)S(t′)〉 = R′2R2
∫ 2pi
0
dφ′
∫ pi
0
sin θ′dθ′
∫ 2pi
0
dφ
∫ pi
0
sin θdθ 〈1S(t)(θ, φ)1S(t′)(θ′, φ′)〉. (65)
The angles correspond to directions rˆ, rˆ′ indicating points p, p′ on the surfaces S(t) and
S(t′), respectively. For each pair rˆ, rˆ′, the product 1S(t)1S(t′) takes the value 0 or 1, the
latter with probability Prˆ,rˆ′(1) = P
S
p,p′(t, t
′, tN , s) given by Eq. (28). This probability
depends on a single angle, namely, that between rˆ and rˆ′. Using the relation (30) for the
point separation s, we obtain16
〈S(t)S(t′)〉 = 8pi2RR′e−I(t)−I(t′)+I(tN )
∫ R′+R
R′−R
ds s eI∩(t,t
′,s), (66)
16In Eq. (65) we measure the angle θ from rˆ′, and we have sds = RR′ sin θdθ.
20
0.8
1.6
2.4
3.2
4
〈S t ) S t ')
〈S t ) 〈S t ')
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
t- t*) / Δtb
(t
'-
t *
)
/
Δ
t b
〈S t )2
〈S t ) 2
〈ΔS t )2
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0
1
2
3
4
t- t*) / Δtb
Figure 10: Surface correlation of a bubble wall at two times, in units of d4b . Left panel:
contours of 〈S(t)S(t′)〉 and 〈S(t)〉〈S(t′)〉 Right panel: the equal-time values and their
difference.
where I∩ is given by Eq. (15). For our model with a delta-function rate we have tN = t∗,
I(t∗) = 0, and I∩ = nbV∩, with
V∩ =
pi
12
(R +R′ − s)2
[
s+ 2(R +R′)− 3(R
′ −R)2
s
]
, (67)
while I(t) is given by Eq. (61). At equal times we have R′ = R, and the expression for
V∩ is simpler,
V∩ =
pi
12
(2R− s)2 (s+ 4R) . (68)
In any case, the integral (66) must be computed numerically, even for constant wall
velocity, in which case we have R = v(t− t∗).
In Fig. 10 we compare the functions 〈S(t)S(t′)〉 and 〈S(t)〉〈S(t′)〉. The latter has a
simpler expression17 and could be used as an approximation for the former. Such an
approximation corresponds to assuming that the two surfaces are uncorrelated. We see
that these quantities are quite similar. In particular, the approximation is very good
initially (i.e., for small values of t− t∗ and t′ − t∗). However, they depart at later times,
where the uncorrelated function tends to zero more rapidly. In the right panel, the
variance 〈∆S2〉, where ∆S = S − 〈S〉, is also shown. The left panel of Fig. 11 shows
the covariance 〈∆S(t)∆S(t′)〉. In the right panel we compare the function 〈S(t)S(t′)〉
with
√〈S(t)2〉〈S(t′)2〉. The latter is the result we would obtain if S(t) and S(t′) were
maximally correlated. Since Eqs. (66-67) are simpler for equal times, this function can
also be used as an approximation for the former. By definition, both coincide at t = t′,
so this approximation is better than the uncorrelated one at later times. On the other
hand, it deviates for large |t− t′|.
17In particular, it can be obtained analytically from Eq. (56), which in this model gives 〈S〉 = 4piR2e−I .
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Figure 11: Left panel: contours of 〈∆S(t)∆S(t′)〉 for a bubble wall at different times.
Right panel: contours of 〈S(t)S(t′)〉 and √〈S(t)2〉〈S(t′)2〉. The areas are in units of d2b .
If we consider two different bubbles, whose centers are a distance l apart, we may
repeat the same steps which lead to Eq. (66). The only difference is that now we have
two surfaces belonging to different bubbles, so we replace S(t′) with S ′(t′) in Eq. (65),
and the probability Prˆ,rˆ′(1) is given by Eqs. (50-51). We thus have
〈1S(t)(θ, φ)1S′(t′)(θ′, φ′)〉 = P SS′p,p′ (t, t′, tN , t′N , s)Θ(d−R(t′N , t))Θ(d′ −R(tN , t′)). (69)
We shall continue using the model in which all bubbles nucleate simultaneously, so we
have tN = t
′
N = t∗ and I(t∗) = 0. We obtain
〈S(t)S ′(t′)〉 = 2piR2R′2e−nb 4pi3 (R3+R′3)
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ
∫ pi
0
dθ′ sin θ′
× exp[nbV∩(R,R′, s)] Θ(d−R) Θ(d′ −R′). (70)
We could also change the variables of integration from the angles to the distances s, d, d′
through Eqs. (44-45). The result depends on the bubble separation l.
We show the result in Fig. 12. We consider the deviations ∆S,∆S ′, and we plot
only the equal-time case. In the left panel, the covariance18 〈∆S(t)∆S ′(t)〉 is plotted
as a function of the bubble radius R, or, equivalently, as a function of time, since we
have R/db = (t − t∗)/∆tb. The curves of different colors correspond to various values of
the bubble separation l. We see that the correlation vanishes for large l, i.e., we have
〈S(t)S ′(t)〉 → 〈S(t)〉〈S(t)〉 for l → ∞. On the other hand, the maximal correlation is
attained for l→ 0. This is also appreciated in the right panel, which shows the covariance
as a function of l for a few values of R. In all these curves, there is a sudden change in the
behavior at the point l = 2R, i.e., when the two bubbles come into contact. For l < 2R,
the two bubbles overlap, so a part of their surface is surely collided. One could expect
18In the general case we have 〈∆S(t)∆S′(t′)〉 = 〈S(t)S′(t′)〉 − 〈S(t)〉〈S′(t′)〉. Notice that 〈S′(t′)〉 =
〈S(t′)〉. Thus, for equal times we have 〈∆S(t)∆S′(t)〉 = 〈S(t)S′(t)〉 − 〈S(t)〉2.
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Figure 12: The equal-time function 〈∆S(t)∆S ′(t)〉 (in units of d4b) for two bubbles sepa-
rated a distance l, as a function of the bubble radius (left panel) and as a function of the
bubble separation (right panel). The dashed curves in the left panel correspond to the
functions 〈S(t)2〉/4− 〈S(t)〉2 (upper curve) and −3〈S(t)〉2/4 (lower curve).
that for l → 0 the quantity 〈S(t)S ′(t)〉 would match the value 〈S(t)S(t)〉. However, in
this limit, half of each bubble is surely collided, so a better guess would be 〈S(t)2〉/4.
This value is indicated by the upper dashed line in the left panel of Fig. 12. We see that
this curve does not coincide with the limit l = 0 for different bubbles. The lower dashed
line corresponds to the approximation 〈S(t)〉2/4.
4.3 Correlation between different parts of a bubble wall
Conditional and joint probabilities for different points on a bubble wall to be or not
collided are basic ingredients in the calculation of the dynamics of bubble intersections
which enter the mechanism of defect trapping. As a simple application of our results, we
shall consider these probabilities for two points at a given time.
In the first place, Eq. (23) gives the probability that a single point on the wall remains
uncollided, Pu(t, tN) = exp[−I(t) + I(tN)]. This probability depends on the nucleation
time and, hence, on the bubble radius. For the delta-function nucleation rate, though, we
have tN = t∗ for all bubbles, so we have Pu(t, tN) = e−I(t) = fS(t).
Let us now consider, on the wall of a bubble at a given time t, the probability that
a point p is uncollided, assuming that another point p′ is uncollided, which is given by
Eq. (27). We must use Eqs. (29-32) for the case t′ = t. For simultaneous nucleation, I
is given by Eq. (61), I∩ = nbV∩, with V∩ given by Eq. (68), and s = R
√
2(1− cos θ) =
2R sin(θ/2). Thus, we obtain
P Sp|p′(t, θ) = exp
[
−4pi
3
(
t− t∗
∆tb
)3(
3
2
sin(θ/2)− 1
2
sin3(θ/2)
)]
. (71)
The joint probability that both p and p′ are in the false vacuum is given by P Sp,p′(t, θ) =
e−I(t)Pp|p′(t, θ). We show this result in Fig. 13. At the beginning of the phase transition
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Figure 13: Conditional probability (left) and joint probability (right) for two points on
a bubble wall to be uncollided, as a function of the angle of separation. The horizontal
dashed cyan lines indicate the value of Pu(t) = fS(t). The horizontal dashed magenta
lines indicate the value Pu(t)
2.
we have P Sp,p′ = P
S
p|p′ = 1, since the two points are uncollided because the whole bubble
is isolated. By the end of the phase transition, the probability that both points are
uncollided vanishes unless we assume that one of them is uncollided. In this case (left
panel), the probability will not vanish for θ ' 0. At intermediate times, assuming that
p′ is uncollided, the probability that p is also uncollided falls with the distance from p′
(the maximum distance corresponds to θ = pi). As p departs from p′, the probability
approaches the value Pu(t) (the probability for an arbitrary point), indicating that the
correlation is lost. In contrast, the joint probability for both points to be uncollided takes
the value Pu(t) when the points are very close, while for large separations it approaches
the uncorrelated value Pu(t)Pu(t).
5 Discussion
We have studied bubble wall correlations in a cosmological phase transition using a sta-
tistical treatment of the bubble kinematics. This kinematics is based on the assumptions
of a homogeneous nucleation rate Γ(t) and a homogeneous wall velocity v(t) (the latter
implies that bubbles are spherical and that all expand with the same velocity). Although
these assumptions are very common, they are not always valid. The nucleation rate is cer-
tainly homogeneous in the case of a vacuum transition, where Γ is of the form Γ = Ae−S,
with A and S constant [3, 4]. Furthermore, the wall quickly approaches the asymptotic
value v = 1. In the case of a thermal transition, Γ has a similar form, but A and S depend
on the temperature [7, 8]. In general, the bubble walls reach a terminal velocity in a time
which is much shorter than the total duration of the phase transition, but this velocity
also depends on the temperature. In a phase transition mediated by detonations [33], the
latent heat that is released at the bubble walls only reheats the plasma behind the walls
(inside the bubbles), so Γ and v are not affected by temperature inhomogeneities.
In contrast, for deflagrations [34, 35, 36], the fluid is perturbed in front of the bubble
walls, and perturbations coming from different bubbles cause inhomogeneous reheating.
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Nevertheless, in the case of very slow deflagrations, the released latent heat is distributed
with a relatively high speed, so a homogeneous reheating can be assumed [37]. In the
intermediate case of deflagrations which are not very slow (0.1 . v . 0.6), a shock wave
moving at approximately the speed of sound reheats the plasma in front of the wall. In
this case, the kinematic treatment can still be simplified by taking into account that in
a region of radius Rsh ≈ (cs/v)R around each bubble the nucleation rate vanishes [38].
This approximation assumes that the reheating caused by a single bubble is enough to
turn off the nucleation rate, so the inhomogeneous temperature resulting from several
shock waves is irrelevant. However, some approximation is still required for the velocity,
which is not as sensitive to temperature. Our results can in principle be adapted to such
a treatment. On the other hand, a deflagration wall may corrugate due to hydrodynamic
instabilities [39, 40, 41]. These instabilities will grow from random fluctuations, and a
different statistical treatment of the walls will be necessary in this case.
Assuming a homogeneous temperature, the time dependence of Γ and of v will depend
on the function T (t). For detonations, the reheating can be ignored until the end of
the phase transition, so T (t) is determined by the adiabatic expansion. In this case,
an exponentially growing nucleation rate is generally a good approximation, and the
wall velocity can be assumed to be constant during the short time of bubble growth.
For deflagrations, the evolution of T is more involved (even assuming a homogeneous
reheating). In general, there is a supercooling stage followed by a sudden reheating. Due
to the high sensitivity of the nucleation rate, Γ turns off as soon as the reheating begins.
In this case, a reasonable approximation is to assume that all bubbles nucleate when
Γ reaches its maximum value [42]. The wall velocity also decreases due to reheating,
but its evolution is less simple. Nevertheless, analytic approximations for v(t) exist [43].
In our explicit examples, we have considered a toy model in which all bubbles nucleate
simultaneously but the wall velocity is constant. We expect that this simple model reflects
all the qualitative features of the quantities we have discussed. For instance, we have
mentioned that different measures of progress of the phase transition are, in general,
similar, and in this model we have, indeed, fS(t) = 1− fb(t). Similarly, we expect that in
general the maximum surface of uncollided walls will occur about the middle of the phase
transition, since in this model it happens when the fraction of volume is fb ' 0.5.
We have calculated conditional and joint probabilities for a set of arbitrary points of
space to remain in the false vacuum at different times, and for two points on a bubble
wall or on two different bubble walls to remain uncollided. We have also considered the
probability that a point on a wall is uncollided, in the presence of another bubble. It is
straightforward to generalize these derivations to other cases, such as the probability that
a point on a wall is uncollided assuming that a given point in space is in the false vacuum,
or considering more than two points on bubble walls.
Our results can be directly applied to the calculation of some consequences of the
phase transition, such as the generation of a stochastic background of gravitational waves.
Different types of phase transitions can be considered by choosing different functions Γ(t)
and v(t), and our results can be used to compare different models19. Our method can
also be generalized to calculate the probability that a region of false vacuum has been
trapped by several bubbles of true vacuum, which is crucial in the dynamics of defect
formation. We shall address some of these applications elsewhere. Here, we have limited
19Some models were already considered in Ref. [44].
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ourselves to discussing the behavior of some related quantities. To conclude, we summarize
the general qualitative features of these quantities. For a given bubble, the functions
〈S(t)S(t′)〉 and 〈S(t)〉〈S(t′)〉 are qualitatively and quantitatively similar. In particular, we
have 〈S2(t)〉 ' 〈S(t)〉2 at the beginning of the phase transition, the difference becoming
important at later times. We also have 〈S(t)S(t′)〉 ' √〈S2(t)〉〈S2(t′)〉, the difference
becoming important only for large |t′− t|. On the other hand, for different bubbles, their
surface correlation only becomes important when they are close to each other (i.e., when
the separation l between their centers becomes close to the bubble diameter 2R). On
the other hand, on a given bubble surface, the correlation between points disappears in
general when the points are separated by an angle θ & pi/2.
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A Bubble configurations for two point conditional
probability
In this appendix we consider the two orderings of the times tN , t
′
N , t
′ which were not
considered in Fig. 7.
The case t′N < tN < t
′ is illustrated in Fig. 14 for some values of t′′. The configuration
for t′′ > t′ is not shown, since in this case the nucleation at t′′ cannot affect the events at
times t′, t′N or tN , and we have
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3 (t′′ > t′). (72)
In the case tN < t
′′ < t′ (left panel), a bubble nucleated at time t′′ may have eaten the
point p′ at time t′, so we must exclude the striped region,
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − V∩
]
(t′N < t
′′ < t′). (73)
For t′N < t
′′ < tN (central panel), the nucleation at t′′ may also prevent the nucleation of
bubble B. Therefore, we must exclude the pink region as well as the striped region, and
we have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − 4pi
3
R(t′′, tN)3 − V∩ + V ′∩
]
(t′N < t
′′ < tN). (74)
Finally, for t′′ < t′N , (right panel), the nucleation at t
′′ may also prevent the nucleation
of bubble B′, but the region which can affect this event (orange shade) is completely
contained within the striped region, and we obtain again Eq. (74).
Now let us consider the case t′N < t
′ < tN , which is illustrated in Fig. 15. For t′′ > t′,
the bubble B′ and the point p′ cannot be affected by nucleations at t′′, and we have, for
the case t′′ > tN (not shown in the figure)
dP (t′′) = dt′′Γ(t′′)
4pi
3
R(t′′, t)3 (t′′ > tN), (75)
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Figure 14: Like Fig. 7, for the time ordering t′N < tN < t
′.
while for the case t′′ < tN (left panel),
dP (t′′) = dt′′Γ(t′′)
4pi
3
[
R(t′′, t)3 −R(t′′, tN)3
]
(t′ < t′′ < tN). (76)
For t′N < t
′′ < t′ (central panel), the point p′ can be affected, and we have
dP (t′′) = dt′′Γ(t′′)
[
4pi
3
R(t′′, t)3 − 4pi
3
R(t′′, tN)3 − V∩ + V ′∩
]
(t′N < t
′′ < t′). (77)
Finally, for t′′ < t′N (right panel), the nucleation of B
′ can also be affected, but this is
already taken into account in Eq. (77), since the orange region is always contained in the
striped region.
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Figure 15: Like Fig. 7, for the time ordering t′N < t
′ < tN .
These results lead to Eqs. (42-43). In particular, Eqs. (73) and (77) show that the
volume V∩ appears for t′′ < t′, as expressed by the upper limit of the integral (15), while
Eqs. (74) and (77) show that the volume V ′∩ appears for t
′′ < min{tN , t′}, as expressed by
the upper limit of the integral (43).
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